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Attosecond pulses are created (by Fourier synthesis) from a
comb of odd-order high harmonics resulting from the non-per-
turbative interaction of intense near-visible laser light with an
atomic gas1–3. When produced by a mid-infrared laser, harmo-
nics can have simultaneously high order, visible wavelength,
and photon energy below the ionization threshold, Ip, of the
generating atom. Methods requiring photon energies greater
than Ip have been developed4 that measure the spectral ampli-
tude and phase necessary for temporal reconstruction of the
harmonic radiation. Here we report the temporal characteriz-
ation of below-threshold harmonics using sum frequency gen-
eration cross-correlation frequency resolved optical gating5

(SFG XFROG), a technique sensitive to the relative delay
between orders6, coupled with a novel approach that makes
use of the Keldysh scaling7 in strong-field physics. The results
surprisingly suggest non-perturbative generation of below
threshold harmonics, providing a potential alternative to existing
vacuum–ultraviolet frequency comb generation methods8,9.

In standard (perturbative) nonlinear optics, the laser field F
induces a nonlinear polarization proportional to Fq and to a non-
linear susceptibility x (q) that decreases exponentially with order q.
Conversely, strong-field plateau high harmonics, Eq ≥ Ip, where Eq
is the harmonic photon energy, have their origin in bound-conti-
nuum tunnel ionization and classical motion. The semi-classical
model10,11 can be considered in the form of three steps: (i) tunnel
release of a continuum electron with zero velocity, (ii) acceleration
by the intense laser field for about half a cycle, and (iii) recombina-
tion with the parent ion and emission of an odd-order harmonic
photon. The maximum photon energy is determined by the
kinetic energy of the electron at the time of recombination and Ip.
The intensity of a given harmonic order depends on the field
amplitude at the instant of tunnelling, the wave packet spread in
step (ii), and the recombination probability, which is a (slow)
function of energy, for example q, all of which culminate in a
non-perturbative description of plateau harmonics. However, the
semi-classical model is not applicable below threshold; for those
harmonics the assumption has been a perturbative response12.
Furthermore, experiments have been scarce for two reasons: interest
in high harmonics has primarily focused on short wavelengths, and
many characterization methods (RABBITT13, XFROG14, CRAB15)
use atomic photoionization and are therefore limited to harmonics
with energies larger than Ip. This investigation directly addresses
the connection to the semi-classical model for harmonics
near threshold.

The foundation for our experimental strategy is based on Keldysh
theory7, which defines conditions for strong field tunnel ionization
in terms of a dimensionless adiabaticity parameter, g ; tunnelling

time/optical period ≪ 1. For high harmonic attosecond bursts
generated from inert gas atoms, typically argon, interacting with
titanium sapphire (wavelength, 0.8 mm) pulses, g≈ 1. However,
the theory suggests that the same physical dynamics can be achieved
for any atom–field interaction provided that g is fixed; this is
determined by Ip and the laser parameters. For example, argon
(Ip¼ 15.76 eV) driven with a 130 TW cm22, 0.8-mm pulse and
caesium (Ip¼ 3.89 eV) driven with a 1.6 TW cm22, 3.6-mm pulse
each produce g¼ 1, and we say that a 3.6-mm/caesium system is
the Keldysh-scaled equivalent of the 0.8-mm/argon system. This
provides an opportunity to shift the harmonic spectrum and Ip
from the vacuum–ultraviolet (VUV) into a spectral region where
well-developed temporal metrology can be used to characterize
the harmonic radiation near threshold.

In this Letter we present the first complete characterization
of below-threshold high harmonics (q¼ 5–13) produced by a
3.6-mm/caesium scaled system (q¼ 11 , Ip , q¼ 13). Figure 1 illus-
trates the principle and validates the Keldysh scaling for producing
invariant interactions. Both the photoelectron and harmonic energy
distributions measured from the 3.6-mm/caesium system are consist-
ent with the strong-field spectra measured for the usual 0.8-mm/argon
system. The photoelectron spectrum shows an above-threshold ioniz-
ation structure extending to 20 eV (absorption of .65 photons), while
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Figure 1 | Spectra from the 3.6-mm/caesium scaled system. Photoelectron

(black trace) and high-order harmonic (red trace) spectra were generated at

1.8 TW cm22 (g¼0.94), and the low-order harmonics were generated at

2.7 TW cm22 (g¼0.78). Stray light scattered into the spectrometer

prevented the collection of harmonic orders 19 and 21, so the scaling factor

between the low- and high-order segments of the spectrum is arbitrary.

The absence of the 25th-order harmonic is unexplained, a condition that

persisted for all studied intensities and spectrometer grating positions.
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the measured harmonics show a plateau terminating at the 31st
order. The maximum energies (cutoff) of both distributions are in
agreement with those predicted by the semi-classical model. Our
focus is the harmonics near and below zero energy in Fig. 1.
Because these harmonics now lie in the visible/UV spectral region,
our set-up benefits from the use of conventional optics and solid-
state nonlinearities. Surprisingly, the measurements show a non-
perturbative character and consistency with the semi-classical
interpretation, a model that does not apply for negative energy.

The experiment was conducted using a difference frequency
optical parametric amplifier (OPA)16 with a typical 3.6-mm
output of �80 mJ energy and 110-fs pulse duration operating at a
1-kHz repetition rate (see Methods, ‘Light source’ for additional
laser details). The s-polarized 3.6-mm pulse was split into two
beams using a CaF2 window. The transmitted pulse generated the
high harmonic comb in a caesium heat pipe with argon buffer gas
at �20 torr and a focused intensity of 2.66 TW cm22, and the
reflected pulse produced the 1.8-mm gate used in the non-collinear
XFROG geometry. Harmonic orders 3–17 are conceivably within
the phase-matching range afforded by b-BaB2O4 (BBO); however,
experimental constraints limited the current studies to orders
5–13. Because the bandwidth covered by the harmonics precludes
the use of a single BBO crystal to produce a spectrogram covering
all orders, separate crystals were used for each pair of adjacent
orders. The phase-matching angles and thicknesses were chosen
to equilibrate the sum frequency generation (SFG) conversion
efficiencies for the designed orders (see Methods, ‘Experimental
considerations’, for more set-up details).

Each spectrogram contains the SFG XFROG signals for two adja-
cent harmonic orders in a single scan; the relative delay between the
harmonics is embedded directly into the spectrogram. Figure 2
shows the measured and retrieved spectrograms for harmonic
orders 9 and 11. The group delay dispersion (GDD) from the heat

pipe window is orders of magnitude larger than the dispersion
due to harmonic generation and propagation in caesium and
argon. To remove the window dispersion from the data we collected
a spectrogram for two orders i and j using three different windows: a
2-mm LiF window, a 3-mm LiF window, and a stack of both
windows together to create an effective 5-mm LiF window. Using
these data sets we found that

tgen|
j
i + tCs|

j
i + tAr|

j
i = t(2mm)

tot |ji + t(3mm)
tot |ji − t(5mm)

tot |ji (1)

where tgen|ij is the delay due to harmonic generation, tCs|ij is due to
propagation in caesium, tAr|ij is due to propagation in argon, and
t (2,3,5mm)

tot |ij is the total delay observed through the 2-mm, 3-mm
or 5-mm LiF windows (see Methods, ‘Data analysis’ for a derivation).

We used the principal components generalized projection
algorithm (PCGPA) (ref. 17) for pulse retrieval (see Methods,
‘Data analysis’ for analysis details). Table 1 summarizes the
PCGPA analysis, and indicates that the data collected using the
2-mm LiF window averaged the lowest FROG error18, G. The recon-
structed spectral power and phase shown in Fig. 3a are extracted
from the 2-mm data set.

Using equation (1) to remove the LiF-induced group delay, we
find that the observed harmonics are subject to negative dispersion,
as seen in Fig. 4, in stark contrast to the zero dispersion expected for
perturbative harmonics. Error bars were computed using the boot-
strap technique19 and the method in Methods, ‘Data analysis’, for
extracting delays; the total error for the window-free delays was
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Figure 3 | Reconstructed harmonics from the 3.6-mm/caesium scaled

system. a, Frequency-domain spectrum and phase, corrected for all mirror

reflections and spectrometer performance. b, Time-domain synthesis of

orders 5–13 (blue trace) and transform limit (red trace). The most intense

burst has a duration of 4.4 fs, with a transform limit of 1.5 fs.

Table 1 | FROG error, G, for the PCGPA-retrieved
spectrograms.

Harmonic orders LiF thickness

2 mm 3 mm 5 mm

5 and 7 1.310× 1023 2.009 × 1023 2.727 × 1023

7 and 9 8.53× 1024 1.653 × 1023 1.784 × 1023

9 and 11 7.83 × 1024 7.41 × 1024 1.328 × 1023

11 and 13 1.146 × 1023 1.207 × 1023 8.65 × 1024

The target FROG error for our 1,024 × 1,024 grid is G ≤ 1.77 × 1023.
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Figure 2 | Below-threshold harmonics XFROG spectrograms. a, Measured

spectrogram for harmonic orders 9 and 11 using the 2-mm-thick LiF heat

pipe output window with 2.7 TW cm22 pulses interacting with caesium

buffered by argon at 20 torr. b, Spectrogram retrieved using the PCGPA17.

The trace grid size is 1,024× 1,024 and the FROG error18 is 7.83 × 1024.
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calculated using a sum-of-squares method. The uncertainty in the
extracted delays was +180 as.

High harmonic generation depends on both the single-atom
response, that is, the nonlinear dipole, and macroscopic phase
matching. However, in many cases the dipole yields sufficient infor-
mation to completely describe the observed behaviour. A numerical
solution of the time-dependent Schrödinger equation20 (TDSE)
using a one-dimensional model potential was used to calculate the
induced dipole21 D(v) similar to the experimental conditions.
The model is inherently approximate due to its dimensionality
and provides only the single-atom response, not the averaged
signal obtained from experiment. Nevertheless, Fig. 4 shows that
the calculated delays, df/dq, are in good agreement with the
measured negative dispersion (see Methods, ‘Time-dependent
Schrödinger equation’, for more simulation details). For high har-
monic generation in noble gases, the dispersion due to post-gener-
ation propagation through the medium is generally ignored because
the magnitude of this dispersion is usually negligible. We used
pressure-tuned Sellmeier models to calculate the refractive indices
for argon22 and caesium23 and calculated that dispersion due to
argon is inconsequential for all harmonic orders, and dispersion
in caesium does not significantly affect the results presented in
Fig. 4 between the 7th and 13th harmonics (see Methods,
‘Experimental considerations’, for further discussion).

The time-domain reconstruction in Fig. 3b shows one major
consequence of the observed negative dispersion: the pulses in the
train are temporally broadened and structured. It is worth noting
that in the visible/UV region many materials exhibit positive dis-
persion and could be used for dispersion compensation.
Compressed pulse trains synthesized from below-threshold harmo-
nics may be attractive in applications where short (�1 fs duration)
pulses are needed with larger intensities than are available from
plateau harmonics. Perturbation theory predicts that the pulse dur-
ation should scale as tq¼ t3.6mm/q1/2, but our results show no
dependence on q.

In the semi-classical model, each harmonic order has contri-
butions from two different electron trajectories, dubbed short and
long. For the short trajectory the electron returns near the zero of
the laser electric field, whereas the long trajectory return is closer
to the peak. Short and long trajectory harmonics can be easily dif-
ferentiated by d2f/dq2: short trajectory harmonics have positive
GDD, and long trajectory harmonics have negative GDD.
Furthermore, the tunnelling probabilities for electrons to be born
at appropriate times (phase) to generate near-threshold harmonics
overwhelmingly favour the long trajectory. Another group24 recently
used a quantum path analysis25 to show that no negative-energy

returns exist for short trajectory electrons. The analysis revealed,
however, that a long trajectory pathway does exist with a net nega-
tive return energy, along with the expected perturbative harmonics
at lower intensities. This finding is consistent with our results: the
observed negative GDD is strongly suggestive of harmonics gener-
ated from long trajectory electrons. The observed divergence angle
for the generated harmonics was �15 mrad, in agreement with
the large divergence expected for long trajectory harmonics. One
possible interpretation for the generation of below-threshold harmo-
nics through the three-step model is the following: long trajectory
electrons returning near the peak of the electric field see a suppressed
core potential, effectively reducing Ip and allowing emission of
photon energies ,Ip. Because short trajectory electrons return near
a field zero, the field strength required for a shift in the binding
energy is absent. Thus, emission of below-threshold harmonics
from short trajectory electrons is not possible in this scenario.

In summary, we have characterized below-threshold harmonics
generated by the 3.6-mm/caesium Keldysh-scaled system by
means of an XFROG technique, and find that harmonics below Ip
show a clear non-perturbative negative GDD. The observed dis-
persion is also consistent with the single-atom response predicted
by a one-dimensional TDSE calculation. In essence, the observed
d2f/dq2 suggests a generation mechanism for below-threshold har-
monics similar to the semi-classical rescattering process responsible
for plateau harmonics. Although the semi-classical model cannot, in
principle, be directly applied to below-threshold harmonics, our
results suggest that the model is still appropriate: long trajectory
electron wave packets can recombine with net negative energy, pro-
ducing harmonics with Eq , Ip. Under the Keldysh-scaled system
scenario, this implies that below-threshold VUV harmonics from
the 0.8–mm/argon system are also non-perturbatively generated,
and could be used for synthesizing trains of high-energy t� 1 fs
pulses or VUV frequency combs.

Methods
Light source. The 3.6-mm radiation was generated by difference frequency
generation (DFG) in a KTA (potassium titanyl arsenate: KTiOAsO4) crystal. The
crystal was pumped by a Ti:sapphire chirped pulse amplification (CPA) laser system
producing pulses of 2.5 mJ and duration t≈ 100 fs at a central wavelength of
0.816 mm. The 1.053-mm signal necessary for production of a 3.6-mm idler was
created by a Nd:YLF (Nd:yttrium lithium fluoride) oscillator directly amplified
to �700 mJ with t¼ 16 ps. The repetition rates of the Ti:sapphire and Nd:YLF
oscillators were locked to achieve maximal temporal overlap at the KTA crystal.
The difference frequency mixing produced pulses of t≈ 110 fs centred at 3.6 mm,
measured by autocorrelation and field autocorrelation, respectively. The 3.6-mm
pulses were produced at 1 kHz with 130 mJ per pulse, measured directly after the
KTA crystal, corresponding to a conversion efficiency of about 5%. After losses in
transport optics, a pulse energy of 77 mJ was measured at the heat pipe input
window. Using �f/40 focusing for high harmonic generation we calculated a
maximum intensity of 2.66 TW cm22 at focus. Because the length of the caesium
column was approximately equal to the Rayleigh length of the focused fundamental
beam, it is impossible to state exactly where phase-matched harmonic generation
occurred within the caesium column; thus, an exact value for the generating
intensity for the harmonics cannot be given. Harmonic yields for a 3.4-mm/caesium
system were measured previously26 using a laser with t≈ 2.5 ps.

Experimental considerations. In an SFG XFROG geometry the number of
harmonic orders that can be characterized is dictated by the phase-matching
limitations of the x (2) medium. For this study, a 3.6-mm gate is ideal, because the
sum-frequency result of the harmonics probe and the long-wavelength gate would be
very close in wavelength to the harmonics, thus allowing for the characterization of
harmonic orders with wavelengths close to the VUV cutoff. Unfortunately, BBO
cannot phase-match wavelengths longer than �3 mm. Instead, we frequency
doubled a copy of the 3.6-mm pulse for use as the 1.8-mm gate.

The first face reflection from the CaF2 beamsplitter was frequency-doubled to
generate the �1 mJ, t≈ 120 fs, 1.8-mm gate pulse. The gate pulse was sent through a
piezo-actuated delay line and then propagated to the BBO crystal, which was located
in a vacuum chamber. The LiF heat pipe output window was directly coupled to the
vacuum chamber, eliminating air dispersion in the path between harmonic
generation and SFG mixing at the BBO crystal. The harmonics and the 1.8-mm gate
were mixed at an angle of �38 using type-II phase-matching, resulting in an SFG
signal that was cross-polarized with the harmonics. Using a non-collinear geometry
allowed for the implementation of a spatial filter in addition to polarizers to remove
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the background harmonics light from the XFROG signal. After filtering, the XFROG
signal was focused onto the slit of a spectrometer with a UV-blazed grating and
intensified charge coupled device (CCD) head.

Modelling the refractive indices of argon and caesium, we calculated that argon
contributed a total delay of 0.4 as between the 5th and 13th harmonics, and caesium
contributed ,500 as between the 7th and 13th harmonics. The calculated dispersion
is very nearly linear as a function of harmonic order because harmonics 7–13 are
significantly far from any resonances. The caesium model predicts that the pressure-
broadened D2 line slightly overlaps the 5th harmonic, however, and minute
variations in pressure or propagation distance equate to large deviations in the 5th
harmonic propagation delay. We therefore conclude that argon dispersion is of no
consequence, and propagation in caesium does not substantially affect the delays
measured between the 7th and 13th harmonics; the measured delay between the 5th
and 7th harmonics, however, should be treated with some skepticism.

The swapping of LiF windows introduces some possibility for error; tilted
windows would introduce a path length change and alter the observed transit times
through the windows. To mitigate this possibility the windows were registered to the
vacuum-side flange using hard contact and using a conventional Vitonw gasket on
the heat pipe side. Stacks of Teflonw washers were used to ensure that the vacuum-
side window face was always normal to the port for any thickness configuration, and
the vacuum seal was formed using a larger gasket outside the window inset. We
estimate that the accuracy of our window orientation was within 18 using this set-up.
We calculated the impact of a window tilted 38 from normal and found that for the
5-mm LiF case, the delay between the 5th and 13th harmonics would increase by
only 237 as. We therefore conclude that any errors in orientation of the windows are
inconsequential to our measurement.

Data analysis. For an SFG XFROG, the spectrogram takes the form

I(v, t) =
∫1

−1

Fprobe(t)Fgate(t − t)e−ivt dt

∣∣∣∣
∣∣∣∣

2

(2)

Retrieval of the harmonics pulses from the data was accomplished using the
PCGPA, additionally constrained by the measured 1.8-mm spectral power. We
further improved the performance of the algorithm by processing all spectrograms
in parallel and taking the average of the next-guess spectral phase for the 1.8-mm
gate to create a single next guess for the gate pulse, which was then applied to all
running PCGPA instances. This additional step provided the self-consistency
necessary across all XFROG retrievals for convergence to FROG errors near or lower
than the target FROG error (for our 1,024 × 1,024 grid, the target FROG error
was G ≤ 1.77 × 1023).

The complex-valued probe field is returned as one of the outputs from the
PCGPA. To extract the relative delay between harmonic orders i and j we first
took the Fourier transform of the probe field Fprobe(v) = F[Fprobe(t)] from
which we computed the spectral power S(v)¼ |Fprobe(v)|2 and spectral phase
f(v)¼/Fprobe(v). S(v) contains the well-separated spectra for both orders i, j;
for each order we isolated the desired peak at the 1% level and computed the
carrier frequency vi,j as the first moment. f(v) was unwrapped, and we
computed the delay between the two orders as

t|ji =
df(v)

dv vj
− df(v)

dv

∣∣∣∣
∣∣∣∣
vi

(3)

The dispersion due to the heat pipe output window has a dramatic impact on the
observed delay t|ij between adjacent harmonic orders i and j. The delay through a
2-mm-thick LiF window can be expressed as

t(2mm)
tot

j
i = tgen

∣∣∣
∣∣∣j

i
+ tCs

j
i + tAr

∣∣∣
∣∣∣j

i
+ t2mmLiF

∣∣∣∣
j

i

(4)

where t2mm LiF|ij is the group delay through the 2-mm LiF window. Using a 3-mm-
thick LiF window, we have

t(3mm)
tot

j
i = tgen

∣∣∣
∣∣∣j

i
+ tCs

j
i + tAr

∣∣∣
∣∣∣j

i
+ t3mmLiF

∣∣∣∣
j

i

(5)

and with both windows stacked together, we obtain

t(5mm)
tot

j
i = tgen

∣∣∣
∣∣∣j

i
+ tCs

j
i + tAr

∣∣∣
∣∣∣j

i
+t5mmLiF

∣∣∣∣
j

i

(6)

Combining equations (4) to (6) and noting that t2mm LiF|ijþ t3mm LiF|ij¼ t5mm LiF|ij,
we find

tgen
j
i + tCs

∣∣∣
∣∣∣j

i
+tAr

j
i = t(2mm)

tot

∣∣∣
∣∣∣j

i
+t(3mm)

tot
j
i − t(5mm)

tot

∣∣∣
∣∣∣j

i
(7)

Thus, by acquiring XFROG spectrograms for orders i and j with two output windows
in three configurations we were able to completely remove the window-induced
group delay with no prior knowledge of the windows’ refractive indices or
thicknesses. This simple algebraic technique can also be used to remove the LiF
contribution to the spectral phase of any given harmonic order. This is ill-advised,
however, because the phase in regions where the spectral power is low is not well
characterized and the addition/subtraction of phases in regions of higher
uncertainty can cause gross errors. Instead, we recognized that the observed delay t|ij
was simply the derivative of the spectral phase evaluated at a discrete pair of
frequencies, df/dq|ij. We concatenated the measured values for df/dq over all q and
interpolated to a frequency vector with appropriate sampling density. Integrating
one time, we obtained the contribution of a LiF window to the spectral phase by
performing a polynomial projection about a desired carrier frequency and ignoring
the d.c. and linear terms.

Time-dependent Schrödinger equation. The wavefunction was calculated by
solving the one-dimensional time-dependant Schrödinger equation (TDSE). The
velocity gauge was used (as it yields better algorithm convergence) and the potential
was chosen such that the energy of the ground state reproduced the experimental
value, 3.89 eV. The energy difference between the ground state and the first excited
state was 1.3 eV, compared to the 1.388 eV expected for caesium: this correlates to
roughly four photons at 3.6 mm. The oscillator strength was calculated to be 0.378,
compared to the 0.394 expected for caesium. The algorithm returned the dipole in
the time domain, d(t), which we then Fourier transformed to obtain D(v), from
which the phase f(v) was extracted and unwrapped. df/dq was calculated at each
v¼ qv0, from which we calculated the delays df/dq|ij for comparison with the
experimental results.
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